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This paper considers a linear-quadratic control problem and determines how optimal policy is affected when the 
private sector has finite (Shannon) capacity to process information. Such capacity constraints prevent private 
agents from perfectly observing the state variables and the policy choices. The first result is that the control 
problem when including these constraints remains to be of a linear-quadratic form, which makes the problem 
technically tractable. The main difference to a standard problem are the costs associated with the use of the 
policy instrument, which are now endogenous. Depending on parameters these costs might be either higher or 
lower and lead to less or more aggressive optimal policies, respectively. If shocks show persistence and are 
heteroskedastic then the costs of using the policy instrument are non-constant and generate either sluggish or 
overshooting optimal policy reactions. 
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 4L q w u r g x f w l r q
D orqj0vwdqglqj ghedwh lq hfrqrplfv lv frqfhuqhg zlwk wkh txhvwlrq krz vwdel0
ol}dwlrq srolf| vkrxog eh frqgxfwhg lq sudfwlfh1
Zkloh rswlpdo srolflhv lq g|qdplf hfrqrplf prghov w|slfdoo| suhvfuleh wr
frqglwlrq wkh srolf| fkrlfh rq h{rjhqrxv vkrfnv dqg hqgrjhqrxv vwdwh yduldeohv/
surplqhqw hfrqrplvwv kdyh dujxhg iru frqvwdqw ru xqfrqglwlrqdo srolflhv +h1j1
Plowrq Iulhgpdq +4<:3,,1
Prvw lqirupdo dujxphqwv wkdw kdyh ehhq sxw iruzdug djdlqvw dfwlyh vwdelol}d0
wlrq srolf| lqyroyh lqirupdwlrqdo sureohpv vxfk dv xqfhuwdlqw| derxw wkh suhflvh
hhfwv dqg wlph odjv dvvrfldwhg zlwk sduwlfxodu srolf| dfwlrqv14 Wkh lpsolfd0
wlrqv ri vxfk xqfhuwdlqw| iru rswlpdo srolf| kdv uhfhlyhg frqvlghudeoh dwwhqwlrq
lq wkh uhfhqw olwhudwxuh rq urexvw frqwuro1 \hw/ rswlpdo srolflhv kdyh riwhq ehhq
irxqg wr eh hyhq pruh uhdfwlyh wkdq lq wkh devhqfh ri vxfk xqfhuwdlqw|15
Wklv sdshu lv dovr frqfhuqhg zlwk wkh lpsolfdwlrqv ri lqirupdwlrq sureohpv
iru rswlpdo srolf| exw orrnv dw wkh sureohp iurp d glhuhqw dqjoh1 Lq sduwlfxodu/
wkh sdshu devwudfwv iurp xqfhuwdlqw| derxw wkh suhflvh hhfwv ri srolf|1 Lqvwhdg/
lw frqvlghuv d vlwxdwlrq zkhuh hfrqrplf h!flhqf| uhtxluhv frruglqdwlrq ehwzhhq
wkh srolf| pdnhu*v dqg sulydwh vhfwru ghflvlrqv1 Vxfk frruglqdwlrq lv uhtxluhg
zkhqhyhu rswlpdo sulydwh vhfwru ghflvlrqv duh ixqfwlrqv ri wkh srolf| fkrlfh dqg
wkh vwdwh ri wkh hfrqrp|/ dv zloo eh dvvxphg lq wkh sdshu1 Lqirupdwlrqdo iulfwlrqv
derxw wkh srolf| dqg wkh vwdwh wkhq ghwhuplqh djhqwv* delolw| wr frruglqdwh zlwk
wkh srolf| pdnhu*v fkrlfhv dqg wkhuhe| dhfw zhoiduh1
Lw lv hdv| wr wklqn ri h{dpsohv wkdw uhtxluh wkh frruglqdwlrq ri ghflvlrqv1
Wklv lv vr ehfdxvh jhqhudo htxloleulxp prghov e| qdwxuh srvwxodwh wkh frqvlv0
whqf| ehwzhhq wkh srolf| pdnhu*v dqg wkh sulydwh vhfwru*v sodqv16 Li prqhwdu|
srolf|/ iru h{dpsoh/ dhfwv surgxfwlrq frvwv wkhq rswlpdo sulfh vhwwlqj ghflvlrqv
ri prqrsrolvwlfdoo| frpshwlwlyh upv ghshqg rq lw> vlploduo|/ li h{fkdqjh udwh
srolf| dhfwv wkh uhodwlyh sulfh ri iruhljq jrrgv wkhq rswlpdo surgxfwlrq sodqv
ri grphvwlf upv vkrxog ghshqg rq h{fkdqjh udwh srolf|> qdoo|/ zkhq vfdo
srolf| dhfwv wkh frpsrvlwlrq ri djjuhjdwh ghpdqg wkhq wkh rswlpdo doorfdwlrq
ri oderu dqg fdslwdo dfurvv vhfwruv zloo eh dhfwhg e| lw1
Wkh qryhow| ri wkh sdshu frqvlvwv ri hqgrjhql}lqj wkh ghjuhh ri lqirupdwlrq
iulfwlrqv e| h{solflwo| prgholqj d olqn ehwzhhq wkh srolf| uxoh sxuvxhg e| wkh
srolf| pdnhu dqg wkh lqirupdwlrqdo iulfwlrqv wkdw h{lvw rq wkh vlgh ri wkh sulydwh
vhfwru1 Wkh prghoolqj ri wklv olqn lv edvhg rq Vkdqqrq*v +4<7;, wkhru| ri lqiru0
pdwlrq wudqvplvvlrq zklfk srvwxodwhv wkdw djhqwv uhfhlyh lqirupdwlrq wkurxjk
4Ixuwkhu dujxphqwv djdlqvw vwdelol}dwlrq srolf| duh edvhg rq fuhglelolw| sureohpv ru srolf|0
luuhohydqfh sursrvlwlrqv lq prghov zlwk udwlrqdo h{shfwdwlrqv/ qr qrplqdo uljlglwlhv/ dqg qr
lqirupdwlrqdo dv|pphwulhv1
5Vhh/ iru h{dpsoh/ Rqdwvnl dqg Vwrfn +5333, ru Uxghexvfk +5334,1
6Qrwh wkdw vxfk frruglqdwlrq pd| eh qhfhvvdu| hyhq li v|vwhpdwlf srolf| kdv qr uhdo hhfwv1
4vr0fdoohg frppxqlfdwlrq fkdqqhov1 Wkhvh fkdqqhov pd| hlwkhu eh lqwhusuhwhg lq
whupv ri sk|vlfdo fkdqqhov/ h1j1 whohjudsk ru whohskrqh olqhv/ ru dowhuqdwlyho| lq
whupv ri d prgho ri wkh lqirupdwlrq  rz lq wkh plqg ri hfrqrplf djhqwv1
Frppxqlfdwlrq fkdqqhov wudqvplw lqirupdwlrq rqo| zlwk qlwh fdsdflw| dqg
wkhuhe| fdxvh uhvlgxdo qrlvh lq djhqwv* lqirupdwlrq vhwv/ zklfk L vxjjhvw wr
lqwhusuhw lq whupv ri d phdvxuhphqw huuruv ri wkh yduldeohv ri lqwhuhvw17 Wkh
sdshu vkrzv wkdw rswlpdo xvh ri wkh lqirupdwlrq fkdqqho e| sulydwh djhqwv
lpsolhv wkdw wkhlu phdvxuhphqw huuru kdv d qrq0fodvvlfdo ihdwxuh= phdvxuhphqw
huuruv duh sursruwlrqdwh wr wkh yduldqfh ri wkh yduldeohv wkdw djhqwv zlvk wr
revhuyh/ l1h1 phdvxuhphqw huuruv ri wkh vwdwh +srolf|, wxuq rxw wr eh d {hg
sursruwlrq ri wkh yduldqfh ri wkh vwdwh +srolf|, lwvhoi1
Dv d uhvxow ri wkh olqn ehwzhhq srolf| dqg lqirupdwlrq iulfwlrqv/ srolf| qrw
rqo| dhfwv wkh hfrqrplf vwdwh exw dovr wkh ghjuhh ri frruglqdwlrq ehwzhhq wkh
srolf| pdnhu dqg wkh sulydwh vhfwru1 Srolflhv wkdw ljqruh wklv uhodwlrqvkls ru wkdw
srvwxodwh wkdw phdvxuhphqw huuruv duh h{rjhqrxv zloo wkhq eh vxe0rswlpdo18
Whfkqlfdoo| vshdnlqj wkh sdshu frqvlghuv d olqhdu0txdgudwlf srolf| sureohp
zkhuh d ehqhyrohqw srolf| pdnhu fkrrvhv d frqwuro yduldeoh wr lq xhqfh wkh vwdwh
ri wkh hfrqrp|1 Lq dgglwlrq/ sulydwh djhqwv fkrrvh ghflvlrq yduldeohv zkrvh
rswlpdo ydoxhv ghshqg rq wkh srolf| dqg rq wkh vwdwh ri wkh hfrqrp|1 Djhqwv
+rswlpdoo|, xvh frppxqlfdwlrq fkdqqhov wr rewdlq lqirupdwlrq derxw wkhvh wzr
yduldeohv1
Wkh sdshu vkrzv wkdw wkh frqwuro sureohp uhpdlqv wr eh ri vlpsoh olqhdu
txdgudwlf irup hyhq zkhq wdnlqj dffrxqw ri wkh frvwv dvvrfldwhg zlwk wkh lqiru0
pdwlrq iulfwlrqv1 Lq sduwlfxodu/ lw lv vkrzq wkdw wkhuh h{lvwv d vwdwlrqdu| htxl0
oleulxp lq zklfk wkh srolf| pdnhu vroyhv dq dowhuqdwlyh frqwuro sureohp zkhuh
d glhuhqw frvw0zhljkw lv dvvrfldwhg zlwk wkh xvh ri wkh lqvwuxphqw1 Jlyhq wkh
uhvxowlqj srolf|/ wkh sulydwh vhfwru*v rswlpdo xvh ri wkh frppxqlfdwlrq fkdqqhov
jhqhudwhv frruglqdwlrqv frvwv zklfk fdq eh lqwhusuhwhg lq whupv ri wkh fkdqjhg
frvw0zhljkw1
Wklv lpsolhv wkdw lqirupdwlrq iulfwlrqv ri wkh nlqg lqwurgxfhg lq wklv sd0
shu kdyh d vlpsoh uhgxfhg irup uhsuhvhqwdwlrq/ zklfk vkrxog pdnh wkh vhwxs
dwwudfwlyh iru hfrqrplf dssolfdwlrqv1
Wkh sdshu qgv wkdw lqirupdwlrqdo iulfwlrqv fdq sxvk srolf| hlwkhu zd|=
ghshqglqj rq sdudphwhuv lw pd| ehfrph hlwkhu pruh ru ohvv djjuhvvlyh zkhq
frpsduhg wr d ehqfkpdun srolf| wkdw dvvxphv wkdw lqirupdwlrq iulfwlrqv duh
lqghshqghqw iurp srolf|19 Lq sduwlfxodu/ L qg wkdw rswlpdo srolf| lv pruh
7Dowhuqdwlyho|/ wkh qrlvh frxog eh lqwhusuhwhg dv uhvxowlqj iurp lqirupdwlrq surfhvvlqj
huuruv1
8Wklv vwdwhphqw krogv zlwk surdelolw| rqh xqghu jhqhulf sdudphwhul}dwlrqv ri wkh hfrqrp|1
9Dowhuqdwlyho|/ wkh ehqfkpdun srolf| fdq eh lqwhusuhwhg dv wkh srolf| wkdw lv rswlpdo lq
wkh devhqfh ri lqirupdwlrq iulfwlrqv1
5+ohvv, djjuhvvlyh/ l1h1 lw uhdfwv vwurqjhu +ohvv vwurqj, wr sdvw vwdwh ghyldwlrqv
dqg wr fxuuhqw vkrfnv/ zkhqhyhu revhuydwlrq huuruv derxw wkh hfrqrplf vwdwh
+srolf|, frqvwlwxwh wkh grplqdqw frvwv1
Wkh lqwxlwlrq iru wkhvh uhvxowv duh vwudljkwiruzdug1 Vxssrvh revhuydwlrq
huuruv derxw wkh srolf| duh ohvv frvwo| wkdq huuruv derxw wkh vwdwh1 Wr plqlpl}h
wkh frvwv ri revhuydwlrq huuruv/ wkh srolf| pdnhu vkrxog fkrrvh d pruh yduldeoh
srolf| wr vwdelol}h wkh vwdwh dqg wr uhgxfh djhqwv* revhuydwlrq huuruv derxw wkh
vwdwh1 Fohduo|/ wklv frphv dw wkh h{shqvh ri lqfuhdvhg revhuydwlrq huuruv derxw
wkh srolf| fkrlfh1 Krzhyhu/ e| dvvxpswlrq wkh odwwhu frvwv duh ohvv lpsruwdqw1
D vlplodu orjlf ohdglqj wr pruh dwwhqxdwhg srolflhv dssolhv zkhq revhuydwlrq
huuruv derxw wkh srolf| frqvwlwxwh wkh grplqdqw frvwv1
Wkh sdshu dovr frqvlghuv d qrq0vwdwlrqdu| vlwxdwlrq zkhuh wkh vkrfnv wkdw
klw wkh hfrqrp| duh khwhurvnhgdvwlf1 Wklv lv ri lqwhuhvw ehfdxvh lqirupdwlrq
iulfwlrqv duh wkhq htxdoo| qrq0vwdwlrqdu| ehfdxvh djhqwv xvh ctxlwh wlphvc wr
lpsuryh lqirupdwlrq derxw sdvw *exv| wlphv*1 Wkh sdshu vkrzv wkdw wklv fdxvhv
wkh frvw0zhljkwv dvvrfldwhg zlwk xvh ri wkh srolf| lqvwuxphqw wr fkdqjh ryhu
wlph/ zklfk jhqhudwhv dxwr0fruuhodwhg srolf| fkdqjhv1 Lq sduwlfxodu/ voxjjlvk ru
ryhuvkrrwlqj rswlpdo srolf| dgmxvwphqw duh vkrzq wr eh rswlpdo lq vxfk fdvhv1
Wkh xvh ri Vkdqqrq*v +4<7;, prgho ri lqirupdwlrq wudqvplvvlrq lq hfrqrplf
frqwh{wv lv qrw qhz wr wklv sdshu1 Vlpv +5334, kdv uhfhqwo| dssolhg wkh wkhru| lq
d prgho zlwkrxw d srolf| pdnhu wr vwxg| frqvxpswlrq ehkdylru lq d shupdqhqw
lqfrph prgho1 Hduolhu xvhv ri wkh wkhru| lq plfurhfrqrplf vhwwlqjv duh gxh
Pduvfkdn +4<97, dqg Pduvfkdn dqg Pl|dvdzd +4<9;,1
Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh srolf| sure0
ohp1 Dv d ehqfkpdun/ Vhfwlrq 6 fdofxodwhv wkh srolf| wkdw lv rswlpdo zkhq
lqirupdwlrq iulfwlrqv duh lqghshqghqw iurp wkh srolf| uxoh1 Vhfwlrq 7 wkhq lq0
wurgxfhv Vkdqqrq*v +4<7;, frppxqlfdwlrq fkdqqhov dqg ghulyhv edvlf uhvxowv1
Rswlpdo srolf| zkhq djhqwv xvh wkhvh fkdqqhov wr lqirup wkhpvhoyhv derxw wkh
vwdwh dqg wkh srolf| lv ghwhuplqhg lq Vhfwlrq 81 Ilqdoo|/ Vhfwlrq 9 suhvhqwv dq
h{whqvlrq wr khwhurvnhgdvwlf vkrfnv1 D frqfoxvlrq jlyhv d eulhi rxworrn ri zrun
dkhdg1 Wkh dsshqgl{ froohfwv prvw ri wkh whfkqlfdo ghwdlov1
5 Wkh Srolf| Sureohp
Wklv vhfwlrq frqvwuxfwv d olqhdu txdgudwlf srolf| sureohp/ zklfk ghvfulehv wkh
iroorzlqj hfrqrplf vlwxdwlrq= Wkhuh lv d ehqhyrohqw srolf| pdnhu zkr fkrrvhv d
srolf| lqvwuxphqw lw 5 U wr lq xhqfh wkh vwdwh {w 5 U ri wkh hfrqrp|1 Dwrplvwlf
sulydwh djhqw zlwk txdgudwlf suhihuhqfhv ryhu {w dqg lw wdnh ghflvlrqv g4>w dqg
g5>w zkhuh g4>w dqg g5>w rswlpdoo| ghshqg rq wkh vwdwh {w dqg wkh srolf| lw/
uhvshfwlyho|1 Phdvxuhphqw huuruv suhyhqw djhqwv iurp shuihfwo| revhuylqj {w
dqg lw dqg pljkw fdxvh vxerswlpdo sulydwh vhfwru ghflvlrqv g4>w dqg g5>w1
6Wkh prgho lv suhvhqwhg jhqhulfdoo| lq whupv ri vwdwh dqg frqwuro yduldeohv1
D prqhwdu| srolf| pdnlqj h{dpsoh wkdw wv lqwr wkh suhvhqwhg iudphzrun lv
jlyhq lq Dgdp +5334,1
Wkh vwdwh {w ri wkh hfrqrp| hyroyhv dffruglqj wr d olqhdu odz ri prwlrq jlyhq
e|
{w @ d4{w4 . d5lw . d6g4>w . d7g5>w . %w +4,
Wkh sdudphwhu d4 ghwhuplqhv krz sdvw vwdwhv dhfw wkh fxuuhqw vwdwh> d5 fds0
wxuhv wkh lq xhqfh ri wkh srolf| rq wkh fxuuhqw vwdwh> d6 dqg d7 ghwhuplqh krz
wkh sulydwh vhfwruv* dyhudjh ghflvlrqv g4>w dqg g5>w dhfw wkh fxuuhqw vwdwh1 L
dvvxph d5 9@ d6 dqg d7 9@4 1 Xqohvv rwkhuzlvh lqglfdwhg wkh vkrfn whup %w lv
d Jdxvvldq zklwh qrlvh surfhvv zlwk
%w  Q+3>5
%,
Wkh sulydwh vhfwru frqvlvwv ri d frqwlqxxp ri lghqwlfdo djhqwv1 Hdfk djhqw









w  4+g4>w  lw,5  5+g5>w  {w,5,
&
+5,
Sulydwh djhqwv* xwlolw| ghshqgv rq wkh vwdwh/ wkh srolf|/ dqg rq wkh ghyldwlrqv ri
wkhlu ghflvlrqv iurp wkhvh yduldeohv1 Xqghu vxlwdeoh dvvxpswlrqv/ vhh dsshqgl{
;14 iru ghwdlov/ wkh remhfwlyh ixqfwlrq +5, fdq eh vhhq dv d txdgudwlf dssur{lpd0
wlrq wr d xwlolw| ixqfwlrq ri wkh irup
X+{w>l w>g 4>w>g 5>w,
Zkhq djhqwv wdnh wkh djjuhjdwh odz ri prwlrq +4, dqg wkh srolf|lw dv jlyhq/
wkh vroxwlrq wr +5, lv wulyldoo| jlyhq e|
g4>w @ Hw ^{w`@{w . {w +6,
g5>w @ Hw^lw`@lw . lw +7,
zkhuh lw dqg {w ghqrwh phdvxuhphqw ru revhuydwlrq huuruv/ zklfk duh phdq
}hur udqgrp yduldeohv zlwk yduldqfh 5
+lw, dqg 5
+{w,/ uhvshfwlyho|1 Wkh xwlolw|














Wkh odvw wzr whupv lq +8, lqglfdwh wkdw djhqwv glvolnh wkh idfw wkdw wkh| fdqqrw
revhuyh {w dqg lw shuihfwo|1 Lqwxlwlyho|/ qrlvh lq djhqwv* lqirupdwlrq derxw wkh
vwdwh dqg wkh srolf| vwdqfh fdxvhv wkhp wr wdnh vxerswlpdo ghflvlrqv/ zklfk lq
h{shfwdwlrq jhqhudwh d orvv wkdw lv sursruwlrqdwh wr wkh yduldqfh ri wkh revhu0
ydwlrq huuru1
7Dvvxplqj wkdw dfurvv djhqwv revhuydwlrq huuruv derxw lw dqg {w duh lqghshq0
ghqw/ wkh odz ri odujh qxpehuv lpsolhv g4>w @ lw dqg g5>w @ {w/ zklfk doorzv wr
h{suhvv wkh djjuhjdwh odz ri prwlrq +4, dv












Wkh srolf| pdnhu*v sureohp qrz frqvlvwv ri fkrrvlqj d srolf| ilwj wkdw pd{l0
pl}hv wkh xwlolw| +8, ri wkh uhsuhvhqwdwlyh sulydwh djhqw vxemhfw wr +9,1
6 Rswlpdo Srolf| zlwk Fodvvlfdo Phdvxuhphqw
Huuru
Vxssrvh djhqwv revhuyh {w dqg lw glvwxuehg e| vr0fdoohg fodvvlfdo phdvxuhphqw
huuruv lw dqg {w lq htxdwlrqv +7, dqg +6,1 Zlwk phdvxuhphqw huuru ehlqj
fodvvlfdo wkh udqgrp yduldeohv {w dqg lw duh lqghshqghqw iurp sdvw/ fxuuhqw/
ru ixwxuh ydoxhv ri {w dqg lw1 Wklv lq wxuq lpsolhv wkdw wkh yduldqfhv 5
+{w,
dqg 5
+lw, lq wkh srolf| remhfwlyh +8, duh lqghshqghqw ri srolf| dqg/ wkxv/ fdq
eh gursshg iurp wkh pd{lpl}dwlrq sureohp1 Dv d uhvxow/ wkh srolf| pdnhu*v












vxemhfw wr +9,1 Dv lv zhoo nqrzq/ rswlpdo srolf| lw lv wkhq ri wkh irup
lw @ f3{w4 . f4w +;,











l duh wkh vwdwlrqdu| yduldqfhv ri { dqg l/ uhvshfwlyho|1 Wklv






























87 D Plfur0Prgho ri Lqirupdwlrq Wudqvplvvlrq
Wklv vhfwlrq suhvhqwv d plfur0prgho ri lqirupdwlrq wudqvplvvlrq edvhg rq Vkdq0
qrq*v +4<7;, frppxqlfdwlrq wkhru|1 Dv zloo eh vkrzq/ wkh prgho jhqhudwhv d
qrq0fodvvlfdo phdvxuhphqw huuru1 Lq sduwlfxodu/ wkh yduldqfh ri wkh revhuydwlrq
huuruv wxuqv rxw wr eh d {hg sursruwlrq ri wkh yduldqfh ri wkh yduldeoh wkdw





| ghqrwhv wkh yduldqfh ri wkh yduldeoh djhqwv zdqw wr revhuyh/ 5
+|, wkh
yduldqfh ri wkh revhuydwlrq huuru/ dqg  5 ^3>4` lv d frqvwdqw zklfk ghshqgv rq
wkh whfkqrorj| dydlodeoh wr djhqwv1
714 Txdqwli|lqj Xqfhuwdlqw|
Frqvlghu wkh iroorzlqj hfrqrplf vlwxdwlrq1 Dq djhqw zdqwv wr fkrrvh d ghflvlrq
G wr pd{lpl}h wkh txdgudwlf remhfwlyh
H ^G  \ `
5
zkhuh \ lv d uhdo0ydoxhg udqgrp yduldeoh zkrvh vwrfkdvwlf surshuwlhv duh nqrzq
wr wkh ghflvlrq pdnhu1 Vxssrvh wkdw lqlwldoo| wkh ghflvlrq pdnhu grhv qrw nqrz
dq|wklqj derxw wkh sduwlfxodu uhdol}dwlrq | ri \ 1
L qrz ghqh d phdvxuh/ fdoohg hqwurs|/ wkdw txdqwlhv wkh xqfhuwdlqw| lq0
yroyhg e| qrw srvvhvvlqj lqirupdwlrq derxw wkh uhdol}dwlrqv| ri \ 1: Wkh hqwurs|





Wklv phdvxuh ri xqfhuwdlqw| kdv wzr lqwxlwlyho| dsshdolqj surshuwlhv1< Iluvw/
hqwurs| lv htxdo wr }hur li dqg rqo| li wkhuh lv rqh uhdol}dwlrq wkdw rffxuv zlwk
suredelolw| rqh/ l1h1 lq wkh devhqfh ri xqfhuwdlqw|1 Rwkhuzlvh/ hqwurs| lv vwulfwo|
srvlwlyh1 Vhfrqg/ iru d jlyhq erxqghg vhw ri uhdol}dwlrqv hqwurs| lv pd{lpdo li doo
wkh uhdol}dwlrqv rffxu zlwk htxdo suredelolw|/ zklfk lv wkh vlwxdwlrq lqwxlwlyho|
fruuhvsrqglqj wr wkh vlwxdwlrq ri kljkhvw xqfhuwdlqw|1
715 Lqirupdwlrq Wudqvplvvlrq yld Frppxqlfdwlrq Fkdq0
qhov
L vkdoo qrz dvvxph wkdw lqirupdwlrq derxw wkh uhdol}dwlrq | ri \ fdq eh wudqv0
plwwhg wkurxjk d frppxqlfdwlrq fkdqqho wr wkh ghflvlrq pdnhu1 Wkh fkdqqho
:Ghqlqj xqfhuwdlqw| lq whupv ri dq hqwurs| phdvxuh lv mxvw frqyhqlhqw dqg e| qr phdqv
fuxfldo iru wkh glvfxvvlrq wkdw iroorzv1
;Iru + zlwk RE+'fohw *?ERE+RE+'flq wkh iroorzlqj ghqlwlrq1
<Vhh Vkdqqrq +4<7;, iru *kdug* surshuwlhv wkdw pdnh wklv phdvxuh xqltxh1
9fdq eh wkrxjkw ri d frppxqlfdwlrq olqh frqqhfwlqj wkh lqirupdwlrq vrxufh zlwk
wkh hfrqrplf djhqw1 Wkh fkdqqho lv ihg zlwk lqsxw vljqdov zklfk duh gholyhuhg
dw wkh rwkhu hqg ri wkh olqh dv rxwsxw vljqdov zklfk duh revhuyhg e| wkh djhqw1
Wklv vhwxs frxog eh lqwhusuhwhg olwhudoo| lq whupv ri d sk|vlfdo frppxqlfdwlrq
fkdqqho/ h1j1 d whohjudsk olqh1 Dowhuqdwlyho|/ dqg suredeo| pruh uhohydqw/ wkh
fkdqqho pd| eh lqwhusuhwhg dv d prgho ri wkh lqirupdwlrq  rz iurp wkh rxwvlgh
zruog lqwr wkh plqg ri djhqwv1
Iru looxvwudwlyh sxusrvhv frqvlghu wkh iroorzlqj elqdu| frppxqlfdwlrq fkdq0
qho=43 vxssrvh wkh fkdqqho lv ihg zlwk }hurv ru rqhv dv lqsxw vljqdov dqg gholyhuv
}hurv dqg rqhv dv rxwsxwv vljqdov dw wkh rwkhu hqg ri wkh olqh1 Dq lpsruwdqw ihd0
wxuh ri wkh fkdqqho lv wkdw lw lv ohvv wkdq shuihfw lq wkh vhqvh wkdw lw rffdvlrqdoo|
gholyhuv d }hur dv rxwsxw zkhq d rqh kdv ehhq hqwhuhg dv lqsxw ru ylfh yhuvd1 Ohw
v 5i 3>4j dqg u 5i 3>4j ghqrwh wkh vljqdo vhqw dv lqsxw dqg uhfhlyhg dv rxwsxw/
uhvshfwlyho|1 Wkh vwuxfwxuh ri wkh qrlvh lq wkh fkdqqho fdq eh ghvfulehg e| d
qrq0ghjhqhudwh frqglwlrqdo sgi q+vmu, wkdw ghvfulehv wkh olnholkrrg ri v kdylqj
ehhq vhqw zkhq u kdv ehhq uhfhlyhg1
Qh{w/ ohw wkh udqgrp yduldeoh V zlwk sgi t+v, ghvfuleh wkh olnholkrrg zlwk
zklfk lqsxw v lv vhqw dw d sduwlfxodu srlqw lq wlph1 Wkh vwrfkdvwlf vwuxfwxuh
ri wkh fkdqqho lqsxwv wrjhwkhu zlwk wkh qrlvh vwuxfwxuh q+m, ghqh d udqgrp
yduldeoh U zlwk sgi t+u, ghvfulelqj wkh fkdqqho rxwsxwv1 Vxssrvh zh fdq revhuyh
wkh fkdqqho rxwsxw U dqg nqrz wkh vwrfkdvwlf surshuwlhv ri wkh fkdqqho*v qrlvh1
Wkhq zh fdq frpsxwh d phdvxuh ri uhvlgxdo xqfhuwdlqw| derxw wkh fkdqqho lqsxw










Wkh frqglwlrqdo hqwurs| dyhudjhv wkh hqwurslhv iru d jlyhq revhuydwlrq u/d v
jlyhq e| whupv lq wkh vtxduh eudfnhwv/ zhljkwlqj wkhp zlwk wkh olnholkrrg ri
revhuylqj u1
Lq wkh devhqfh ri qrlvh/ l1h1 li q+3m3, @ q+4m4, @ 4/ wkh frqglwlrqdo hqwurs| lv
htxdo wr }hur lqglfdwlqj wkdw wkhuh lv qr uhvlgxdo xqfhuwdlqw| derxw wkh fkdqqho
lqsxw diwhu revhuylqj wkh fkdqqho rxwsxw1 Rwkhuzlvh wkh frqglwlrqdo hqwurs| lv
srvlwlyh lqglfdwlqj wkdw uhvlgxdo xqfhuwdlqw| derxw wkh fkdqqho lqsxw vwloo h{lvwv
gxh wr wkh fkdqqho qrlvh1 Dovr/ wkh frqglwlrqdo hqwurs| fdq qhyhu eh odujhu wkdq
wkh xqfrqglwlrqdo rqh/ zklfk lv lqwxlwlyh ehfdxvh lq wkh zruvw fdvh wkh rxwsxw
vljqdov duh frpsohwho| xqlqirupdwlyh derxw wkh lqsxw vljqdov1
Wkh uhgxfwlrq lq hqwurs| +ru xqfhuwdlqw|, derxw wkh fkdqqho lqsxw iurp
revhuylqj wkh fkdqqho rxwsxw lv jlyhq e|
K+V,  K+VmU, +48,
43Wkh uhvwulfwlrq wr wzr vljqdov lv qrw fuxfldo lq dq| zd|1 Dowhuqdwlyho|/ rqh frxog xvh dv
pdq| vljqdov dv wkhuh duh ohwwhuv lq wkh doskdehw/ ru hyhq frqwlqrxv vljqdo vsdfhv/ li vhhq dv
olplwv ri glvfuhwl}hg vljqdo vsdfhv1
:z k l f kl vds r v l w l y hq x p e h u 1
Fohduo|/ wkh hqwurs| uhgxfwlrq lq +48, ghshqgv rq wkh sgi t+v, ri fkdqqho
lqsxwv= Wkh suredelolw| ri revhuylqj d fhuwdlq rxwsxw vljqdo t+u, lq htxdwlrq
+47,/ iru h{dpsoh/ ghshqgv rq wkh suredelolw| t+v, zlwk zklfk wkh uhvshfwlyh
lqsxwv duh vhqw1 Wkhuhiruh/ h{suhvvlrq +48, qrw rqo| fdswxuhv wkh surshuwlhv ri
wkh fkdqqho lwvhoi exw dovr wkh surshuwlhv ri wkh vljqdov wkdw duh vhqw1
Rqh fdq qrz ghqh d phdvxuh/ fdoohg wkh fkdqqho fdsdflw|/ zklfk lv lqgh0
shqghqw iurp wkh glvwulexwlrq ri lqsxw vljqdov1 Wkh fkdqqho fdsdflw| h F lv wkh
pd{lpxp srvvleoh hqwurs| uhgxfwlrq shu vhqw lqsxw vljqdo wkdw fdq eh dfklhyhg
yld wkh fkdqqho zkhuh pd{lpl}dwlrq rffxuv zlwk uhvshfw wr wkh sgi ri wkh fkdqqho
lqsxwv/ l1h1
h F @v x s
t+v,
+K+V,  K+VmU,,
Lqwxlwlyho|/ rqh pljkw wklqn ri wkh pd{lpl}dwlrq rshudwlrq dv fkrrvlqj wkdw
suredelolw| glvwulexwlrq ri lqsxw vljqdov wkdw rswlpdoo| wdnhv dffrxqw ri wkh
fkdqqho*v qrlvh wr pd{lpl}h wkh uhgxfwlrq lq hqwurs| shu vhqw fkdqqho lqsxw
vljqdo1 Li wkh fkdqqho kdv d wudqvplvvlrq udwh ri W vljqdov shu shulrg/ wkhq wkh
fkdqqho wudqvplvvlrq fdsdflw| F lv jlyhq e|
F @ h F  W
zklfk lv wkh pd{lpxp dfklhydeoh hqwurs| uhgxfwlrq shu shulrg1
Pdwkhpdwlfdo frppxqlfdwlrq wkhru| qrz hvwdeolvkhv d olqn ehwzhhq wkh
fkdqqho wudqvplvvlrq fdsdflw| F dqg wkh delolw| wr wudqvplw lqirupdwlrq derxw
wkh uhdol}dwlrqv ri \ wkurxjk wkh frppxqlfdwlrq fkdqqho1 Wkh iroorzlqj uhvxowv
duh gxh wr vhfwlrqv 46 dqg 57 lq Vkdqqrq +4<7;,=
Wkhuh h{lvwv d frglqj v|vwhp wkdw pdsv uhdol}dwlrqv ri \ lqwr fkdqqho lqsxw
vwulqjv ri }hurv dqg rqhv ri ohqjwk w vxfk wkdw wkh hqwurs| uhgxfwlrq K+\ , 
K+\ mU, dssurdfkhv F dv w $4 / zkhuh U ghqrwhv wkh revhuyhg fkdqqho rxwsxw
vwulqj ri ohqjwk w1 Pruhryhu/ wkhuh h{lvwv qr frglqj v|vwhp wkdw dfklhyhv d kljkhu
hqwurs| uhgxfwlrq wkdq F iru dq| w1
L qrz dvvxph wkdw wkh fkdqqho*v wudqvplvvlrq udwh W lv odujh vxfk wkdw wkh
deryh olplwlqj uhvxowv surylgh uhdvrqdeo| jrrg dssur{lpdwlrqv wr wkh sureohp144
Wkh suhfhglqj uhvxowv wkhq lpso| wkdw wkh fkdqqho*v wudqvplvvlrq fdsdflw|F lv
d vx!flhqw vwdwlvwlf ri wkh fkdqqho/ lqghshqghqw iurp wkh doskdehw ri dydlodeoh
lqsxw dqg rxwsxw vljqdov dqg wkh vwuxfwxuh ri wkh fkdqqho*v qrlvh= Wkh hqwurs|
derxw \ f d qe hd wp r v wu h g x f h ge |d wp r v wF xqlwv yld wkh fkdqqho1
44E| ohwwlqj A <"L dyrlg lvvxhv wkdw duh uhodwhg wr wkh lqirupdwlrq ghod| fdxvhg e|
frglqj v|vwhpv wkdw vhhn pd{lpxp hqwurs| uhgxfwlrq1 Krzhyhu/ wklv ihdwxuh ri lqirupdwlrq
wudqvplvvlrq lv lqwhuhvwlqj lq lwv rzq uljkw dqg pljkw eh h{soruhg lq dqrwkhu sdshu1
;Qrz uhfrqvlghu rxu ruljlqdo sureohp zkhuh wkh ghflvlrq pdnhu zlvkhv wr
pd{
G
H ^G  \ `
5
Wkh uhvxowv deryh lpso| wkdw li wkh ghflvlrq pdnhu revhuyhv lqirupdwlrq derxw
wkh uhdol}dwlrqv ri \ wkurxjk d fkdqqho zlwk wudqvplvvlrq fdsdflw| F/w k h qG
lv frqvwudlqhg e|
K+\ ,  K+[mG,  F +49,
zklfk vd|v wkdw wkh dgglwlrqdo lqirupdwlrq derxw \ frqwdlqhg lq G fdqqrw
h{fhhg F1
Vxssrvh wkdw
\  Q+3> 5
|,








Dsshqgl{ ;15 vkrzv wkdw h!flhqw xvh ri wkh fkdqqho lpsolhv wkdw revhuydwlrq
huuruv derxw \ duh lqghshqghqw qrupdo udqgrp yduldeohv/ l1h1 djhqwv revhuyh
| . 
zkhuh  lv qrupdo zlwk yduldqfh1 Jlyhq wklv lqirupdwlrq djhqwv rswlpdoo| fkrrvh













Htxdwlrq +4:, frqupv wkh lqlwldo fodlp wkdw frppxqlfdwlrq fkdqqhov jhqhudwh
qrq0vwdqgdug revhuydwlrq huuruv= wkh yduldqfh ri wkh revhuydwlrq huuru ghshqgv
rq wkh yduldqfh ri wkh yduldeoh wkdw djhqwv zdqw wr revhuyh zkhuh  @ h5F lq
htxdwlrq +46d,1
Dv wkh fkdqqho fdsdflw| ehfrphv lqqlwh/ revhuydwlrq huuruv glvdsshdu/ lq0
glfdwlqj wkdw wkh fkdqqho wudqvplwv doo dydlodeoh lqirupdwlrq> dv wkh fkdqqho
fdsdflw| dssurdfkhv }hur/ wkh yduldqfh ri wkh revhuydwlrq huuruv ehfrph dv odujh
dv wkh yduldqfh ri \ lwvhoi/ zklfk lqglfdwhv wkdw wkh fkdqqho wudqvplwv qr lqiru0
pdwlrq derxw wkh uhdol}dwlrq ri \ 1
Htxdwlrq +4:, dovr uhyhdov wkdw wkhuh duh ghfuhdvlqj uhwxuqv wr fdsdflw|= wkh
dgglwlrqdo uhgxfwlrq lq wkh yduldqfh ri wkh revhuydwlrq huuru wkdw fdq eh dfklhyhg
e| d pdujlqdo lqfuhdvh lq fdsdflw| lv d ghfuhdvlqj ixqfwlrq ri wkh h{lvwlqj fkdqqho
fdsdflw|1 Wklv lv dq lpsruwdqw ihdwxuh/ zklfk zloo eh h{sorlwhg ehorz1
<8 Rswlpdo Srolf| zlwk Frppxqlfdwlrq Fkdq0
qhov
Wklv vhfwlrq frqvlghuv wkh frqwuro sureohp zkhq djhqwv kdyh wr xvh dq lqiru0
pdwlrq fkdqqho zlwk {hg fdsdflw| F wr rewdlq lqirupdwlrq derxw wkh fxuuhqw
vwdwh {w dqg wkh srolf| lw1
814 Rswlpdo Xvh ri wkh Fkdqqho e| Sulydwh Djhqwv
D uvw sureohp wkdw kdv wr eh frqvlghuhg lv krz djhqwv vkrxog vsolw wkh dydlodeoh
fdsdflw| F wr froohfw lqirupdwlrq derxw {w dqg lw1
Vxssrvh wkdw {w dqg lw duh vwdwlrqdu| surfhvvhv1 Ixuwkhupruh/ vxssrvh wkdw
rswlpdo srolf| zkhq djhqwv xvh lqirupdwlrq fkdqqhov uhpdlqv wr eh ri wkh irup
+;,1 Reylrxvo|/ wklv idfw zloo kdyh wr eh yhulhg odwhu rq1
Xvlqj wkh odz ri prwlrq +9, dqg wkh srolf| uxoh +;, erwk {w dqg lw fdq eh





l +e5f4 .4 , wl +4;,




l +e5f4 .4 , wl4 +4<,
Wklv vxjjhvwv wkdw froohfwlqj lqirupdwlrq derxw {w dqg lw lq hdfk shulrg lv
htxlydohqw wr froohfwlqj lqirupdwlrq derxw wkh vkrfn whupv w lq hdfk shulrg
dqg xvlqj wklv lqirupdwlrq wr uhfrqvwuxfw wkh ydoxhv ri {w dqg lw1
Vxssrvh iru d prphqw wkdw djhqwv doorfdwh hdfk shulrg doo dydlodeoh fdsdflw|
wr uhfhlylqj lqirupdwlrq derxw wkh fxuuhqw vkrfn w1 L zloo qrz glvfxvv xqghu
zklfk frqglwlrqv wklv lv rswlpdo1
Iluvw/ frqvlghu wkh wdvn ri froohfwlqj lqirupdwlrq derxw{w1 Wkh vwdwlrqdulw|
ri {w lpsolhv wkdw me4 . e5f3m ? 4/ zklfk vd|v wkdw wkh lq xhqfh ri sdvw vkrfnv
wl rq {w ghfuhdvhv zlwk l1 Wklv frxsohg zlwk wkh idfw wkdw wkhuh duh ghfuhdv0
lqj uhwxuqv wr fdsdflw| vkrzv wkdw djhqwv kdyh qr lqfhqwlyh wr doorfdwh fdsdflw|
wr revhuylqj sdvw vkrfnv li wkh| kdyh revhuyhg wkhvh zlwk fdsdflw| F lq suhyl0
rxv shulrgv1 Fohduo|/ vxfk d ghyldwlrq zrxog rqo| lqfuhdvh wkh yduldqfh ri wkh
revhuydwlrq huuru ri {w1
Vhfrqg/ frqvlghu wkh wdvn ri froohfwlqj lqirupdwlrq derxw lw1 Fohduo|/ li
mf4mm f3 +e5f4 .4 , m +53,
wkhq wkh lq xhqfh ri wkh fxuuhqw vkrfnv lv odujhu wkdq wkh lq xhqfh ri sdvw vkrfnv
dqg wkh doorfdwlrq lv htxdoo| rswlpdo iru lw1 Krzhyhu/ li lqhtxdolw| +53, grhv qrw
43krog/ wkhq djhqwv frxog eh whpswhg wr uhdoorfdwh fdsdflw| iurp wkh fxuuhqw vkrfn
wr suhylrxv vkrfnv/ hyhq li wkh| kdyh revhuyhg wkhvh zlwk fdsdflw|F lq suhylrxv
shulrgv1
Zh vxppdul}h wkh suhylrxv uhvxowv lq wkh iroorzlqj ohppd=
Ohppd 4 Vxssrvh {w lv d vwdwlrqdu| surfhvv/ rswlpdo srolf| lv ri wkh irup
+;,/ dqg lqhtxdolw| +53, krogv1 Wkhq lw lv rswlpdo iru djhqwv wr xvh doo dydlodeoh
fdsdflw| wr revhuyh wkh fxuuhqw vkrfn w1 Wkh yduldqfhv ri wkh revhuydwlrq huuruv







Htxdwlrqv +54, dqg +55, gluhfwo| iroorz iurp htxdwlrqv +4:,/ +4;, dqg +4<,1
815 Rswlpdo Srolf|
L qrz frqvlghu wkh lpsolfdwlrqv ri djhqwv* fdsdflw| doorfdwlrqv iru rswlpdo srolf|1
L uvw hvwdeolvk wkdw wkh vwuxfwxuh ri wkh rswlpdo srolf| uhdfwlrq ixqfwlrq uhpdlqv
xqfkdqjhg zkhq lqirupdwlrq surfhvvlqj frqvwudlqwv duh lqwurgxfhg=
Ohppd 5 Li {w lv d vwdwlrqdu| surfhvv dqg djhqwv doorfdwh doo dydlodeoh fdsdflw|
wr revhuyh wkh fxuuhqw vkrfn w/ wkhq rswlpdo srolf| lv ri wkh irup +;,1
Surri1 Zkhq djhqwv revhuyh rqo| fxuuhqw vkrfnv ohppd 4 hvwdeolvkhv wkdw
revhuydwlrq huuruv duh jlyhq e| htxdwlrqv +54, dqg +55,1 Vxevwlwxwlqj wkhvh
lqwr wkh remhfwlyh ixqfwlrq +8, dqg h{sorlwlqj wkh vwdwlrqdulw| ri {w/w k hs r o l f |
























zklfk lv djdlq d txdgudwlf remhfwlyh ixqfwlrq1 Wkxv/ rswlpdo srolf| frqwlqxhv
wr eh ri wkh irup +;,/ dv fodlphg1
Htxdwlrq +56, lpsolhv wkdw lq d vwdwlrqdu| htxloleulxp wkh srolf| pdnhu*v













44dqg zkhuh wkh vwdwhv hyroyhv dffruglqj wr +9,1
Wkh vroxwlrq wr +57, lv jlyhq e| htxdwlrqv +43, dqg +44, zlwk 3 vxevwlwxwhg
e| 1 Wr hvwdeolvk wkdw wklv lv lqghhg dq htxloleulxp lw uhpdlqv wr vkrz wkdw
wkh rswlpdo uhdfwlrq frh!flhqwv f3 dqg f4 vdwlvi| lqhtxdolw| +53,/ zklfk lv d
vx!flhqw frqglwlrq iru wkh rswlpdolw| ri wkh dvvxphg fdsdflw| doorfdwlrq e| wkh
sulydwh vhfwru1 Dsshqgl{ ;17 vkrzv wkdw wklv lv wkh fdvh1 Zh fdq vxppdul}h=
Sursrvlwlrq 6 Wkhuh h{lvwv d vwdwlrqdu| htxloleulxp zkhuh sulydwh djhqwv xvh
doo dydlodeoh fdsdflw| wr revhuyh fxuuhqw vkrfnv/ zkhuh rswlpdo srolf| lv ri wkh
irup +;,/ dqg zkhuh wkh rswlpdo uhdfwlrq frh!flhqwv duh jlyhq e| htxdwlrqv +43,
dqg +44, zlwk 3 vxevwlwxwhg e| / dv ghqhg lq +58,1
Wkh rqo| glhuhqfh wr d frqwuro sureohp zlwkrxw phdvxuhphqw huuru/ dv
j l y h ql q+ < , /l vw k d ww k hz h l j k w3 dwwdfkhg wr wkh lqvwuxphqw lv uhsodfhg e| wkh
zhljkw 1
Zkhwkhu  B 3 ghshqgv rq zkhwkhu
4
5 B 31 Wkh iudfwlrq
4
5 fdq eh lqwhu0
suhwhg dv wkh frvwv ri revhuydwlrq huuruv ri lw uhodwlyh wr wkh frvwv ri revhuydwlrq
huuruv ri {w/ zkloh 3 ghqrwhv wkh gluhfw xwlolw| frvwv ri ghyldwlrqv ri lw uhodwlyh




wkhq A 3 iru dq| F?4/ zklfk lqglfdwhv wkdw wkh xvh ri wkh srolf| lq0
vwuxphqw lv pruh frvwo| wkdq lw zdv lq wkh devhqfh ri lqirupdwlrq surfhvvlqj
frqvwudlqwv1 Dv lqirupdwlrq surfhvvlqj frqvwudlqwv glvdsshdu +F $4 ,/w k h
zhljkw  prqrwrqlfdoo| ghfuhdvhv wrzdugv 31 Fruuhvsrqglqjo|/ li
4
5 ? 3/w k h q
? 3 dqg wkh xvh ri wkh srolf| lqvwuxphqw lv ohvv frvwo| wkdq lq wkh devhqfh ri
lqirupdwlrq surfhvvlqj frqvwudlqwv1
Wkh suhfhglqj uhvxowv vxjjhvw wkdw wr fkdudfwhul}h wkh hhfw ri lqirupdwlrq
surfhvvlqj frqvwudlqwv rq rswlpdo srolf| lw lv vx!flhqw wr frqvlghu wkh ghulydwlyhv
ri wkh uhdfwlrq frh!flhqwv zlwk uhvshfw wr wkh sdudphwhu 1 Wkh qh{w sursrvlwlrq
hvwdeolvkhv krz wkh rswlpdo uhdfwlrq frh!flhqwv fkdqjh lq uhvsrqvh wr 1W k h
surri fdq eh irxqg lq Dsshqgl{ ;161
Sursrvlwlrq 7 Wkh devroxwh ydoxh ri wkh rswlpdo uhdfwlrq frh!flhqwv f3 dqg









45Li lqhtxdolw| +59, krogv/ lqirupdwlrq surfhvvlqj frqvwudlqwv surpsw srolf| wr
uhdfw ohvv djjuhvvlyho| wkdq lq wkh devhqfh ri wkhvh frqvwudlqwv1 Wklv lv lqwxlwlyh
ehfdxvh +59, lpsolhv wkdw revhuydwlrq huuruv derxw wkh srolf| lqvwuxphqw duh
uhodwlyho| pruh lpsruwdqw1 Wr uhgxfh wkhvh frvwv wkh srolf| pdnhu uhgxfhv wkh
yduldqfh ri wkh srolf| lqvwuxphqw dqg wkhuhe| lqfuhdvhv wkh suhflvlrq zlwk zklfk
djhqwv fdq revhuyh wkh lqvwuxphqw fkrlfh1 Ri frxuvh/ wklv frphv dw wkh h{shqvh
ri wrohudwlqj kljkhu yduldelolw| lq wkh vwdwh yduldeoh1
Li lqhtxdolw| +59, grhv qrw krog/ wkhq lqirupdwlrq surfhvvlqj frqvwudlqwv
fdxvh srolf| wr ehfrph pruh djjuhvvlyh/ l1h1 wr uhdfw vwurqjhu wr sdvw vwdwh
ghyldwlrqv dqg fxuuhqw vkrfnv ehfdxvh revhuydwlrq huuruv derxw wkh vwdwh duh
uhodwlyho| pruh lpsruwdqw1 Wr uhgxfh wkh revhuydwlrq huuruv derxw wkh vwdwh
yduldeoh wkh srolf| pdnhu uhgxfhv wkh yduldqfh ri wkh vwdwh yduldeoh e| lqfuhdvlqj
wkh yduldqfh ri wkh srolf| lqvwuxphqw1
9 Rswlpdo Srolf| zlwk Khwhurvnhgdvwlf Vkrfnv
Wklv vhfwlrq frqvlghuv d vlwxdwlrq zkhuh khwhurvnhgdvwlf vkrfnv klw wkh hfrqrp|1
Iurp wkh ylhzsrlqw ri lqirupdwlrq wkhru| wklv fdq eh lqwhusuhwhg dv wkhuh
ehlqj *exv|* wlphv zlwk orwv ri qhz lqirupdwlrq duulylqj dqg *txlwh* wlphv zlwk
olwwoh ru qr qhzv1 Vxfk d vlwxdwlrq lv ri lqwhuhvw ehfdxvh lq txlwh wlphv djhqwv
kdyh dq lqfhqwlyh wr doorfdwh vrph ri wkhlu fdsdflw| wr sdvw vkrfnv wr lpsuryh
lqirupdwlrq wkh suhylrxv exv| wlphv zkhuh wkh| frxog qrw iroorz ghyhorsphqwv
yhu| suhflvho|1
Dv zh vkdoo vhh wklv surylghv dq lqfhqwlyh iru wkh srolf| pdnhu wr uhdfw zlwk
d ghod| wr wkh sdvw qhzv ehfdxvh dv lqirupdwlrq derxw wkh sdvw lpsuryhv wkh
lqirupdwlrq frvwv ri uhdfwlqj wr sdvw qhzv ghfuhdvh1
L frqvlghu d vlpsoh vlwxdwlrq/ zklfk doorzv iru vwudljkw0iruzdug dqdo|wlfdo
v r o x w l r q v 1I l u v w /v x s s r v hw k d ws d v wv w d w h vk d y hq rl q  x h q f hr qw k hs u h v h q wv w d w h
vxfk wkdw wkh djjuhjdwh odz ri prwlrq lv jlyhq e|
{w @ e5lw . w +5:,
Uhjduglqj wkh vkrfn surfhvv L vlpso| dvvxph wkdw zlwk suredelolw| 4 dq h z








+4d7,5, zlwk suredelolw| 4  
Wklv lpsolhv wkdw lq shulrgv lq zklfk wkh suhylrxv vkrfn frqwlqxhv wr eh hhfwlyh/
djhqwv rswlpdoo| xvh doo dydlodeoh fdsdflw| wr rewdlq pruh dffxudwh lqirupdwlrq
derxw wkh rog vkrfn1
Dv d frqvhtxhqfh wkh vlpsoh vhwxs lv wkdw wkhuh duh qr lqwhuwhpsrudo olqndjhv


























Iljxuh 5= Voxjjlvk dqg ryhuvkrrwlqj rswlpdo srolflhv zlwk lqirupdwlrq frq0
vwudlqwv
47Wkhuhiruh/ zh fdq wklqn ri wkh srolf| pdnhu*v pd{lpl}dwlrq sureohp lq whupv
ri vhsdudwh pd{lpl}dwlrq sureohpv= rqh sureohp iru shulrgv lq zklfk d vkrfn
duulyhg/ dqrwkhu rqh iru shulrgv lq zklfk d vkrfn duulyhg rqh shulrg djr/ dqg vr
rq1 Fohduo|/ lq wkh devhqfh ri dq lpsdfw ri sdvw vwdwhv rq wkh fxuuhqw vwdwh wkh
srolf| pdnhu kdv qr lqfhqwlyh wr uhdfw wr sdvw vwdwhv/ zklfk lpsolhv wkdw f3 @3
lq +;,1
Frqvlghu d shulrg lq zklfk wkh fxuuhqw vkrfn lv hhfwlyh vlqfh q  4 shulrgv1
Djhqwv douhdg| jdwkhuhg lqirupdwlrq derxw wklv vkrfn lq wkh suhylrxv q  4
shulrgv dqg fdq xvh wkh lqirupdwlrq fdsdflw| wkdw lv dydlodeoh lq wkh fxuuhqw
shulrg wr ixuwkhu uhgxfh wkh revhuydwlrq huuru1 Lw lv hdv| wr vkrz wkdw froohfwlqj
iru q shulrgv lqirupdwlrq zlwk fdsdflw| F derxw wkh vdph udqgrp yduldeoh lv
lghqwlfdo wr froohfwlqj iru rqh shulrg zlwk fdsdflw| qF1
Dv d uhvxow/ rswlpdo srolf| lq d shulrg zkhq wkh fxuuhqw vkrfn lv hhfwlyh










5 A 3 zkhuh wkh lqlwldo srolf| uhdfwlrq wr d vkrfn lv
zhdnhu wkdq lq wkh devhqfh ri lqirupdwlrq surfhvvlqj frqvwudlqwv1 Fohduo|/ dv q
lqfuhdvhv +q, zloo dssurdfk 31 Wklv lpsolhv wkdw wkh srolf| pdnhu*v uhdfwlrq
wr wkh vkrfn ehfrphv vwurqjhu ryhu wlph vlqfh lpsuryhg lqirupdwlrq derxw wkh
ydoxh ri wkh vkrfn uhgxfhv wkh frvwv dvvrfldwhg zlwk revhuydwlrq huuruv1 Iljxuh 5
looxvwudwhv d voxjjlvk srolf| dgmxvwphqw sdwk iru d vkrfn wkdw klwv wkh hfrqrp|
lq shulrg 4 dqg wkdw uhpdlqv wr eh hhfwlyh iru wkh : shulrgv1 Wklv vkrxog
eh frqiurqwhg zlwk jxuh 4 zklfk vkrzv wkh rswlpdo srolf| dgmxvwphqw lq wkh
devhqfh ri lqirupdwlrq surfhvvlqj frqvwudlqwv1
Iru wkh fdvh
4
5 ? 3 wkh lqlwldo srolf| uhdfwlrq lv vwurqjhu wkdq lq wkh devhqfh
ri lqirupdwlrq surfhvvlqj frqvwudlqwv ehfdxvh lqirupdwlrq frvwv derxw wkh qhz
vwdwh duh uhodwlyho| pruh lpsruwdqw1 Vlqfh +q, djdlq dssurdfkhv 3 ryhu wlph/
wklv lpsolhv wkdw wkhuh lv dq lqlwldo ryhuvkrrwlqj uhdfwlrq lq rswlpdo srolf|/ vhh
jxuh 5 iru dq looxvwudwlrq1
: Frqfoxvlrqv
Wklv sdshu suhvhqwv d uvw dvvhvvphqw ri wkh lpsdfw ri lqirupdwlrq surfhvvlqj
frqvwudlqwv rq rswlpdo srolf|1 Fohduo|/ pdq| rshq txhvwlrqv uhpdlq= Zkdw kds0
shqv li djhqwv idfh d wudgh0r ehwzhhq vshhg dqg dffxudf| ri lqirupdwlrq wudqv0
plvvlrqB Zkdw kdsshqv li wkh srolf| pdnhu lv vxemhfwhg wr vlplodu lqirupdwlrq
surfhvvlqj frqvwudlqwv dv wkh sulydwh vhfwruB Zkdw kdsshqv li wkh sulydwh vhfwru
kdv wr wdnh ghflvlrqv wkdw ghshqg rq erwk wkh vwdwh dqg wkh srolf| yduldeohB
Ixwxuh uhvhdufk zloo kdyh wr h{soruh wkhvh txhvwlrqv1
48;D s s h q g l {
;14 Dsshqgl{ 4





wX+g4>w>g 5>w>l w>{ w,
Wkh rqh shulrg xwlolw| ixqfwlrq X lv dvvxphg wr eh wzlfh frqwlqxrxvo| glhuhq0
wldeoh dqg frqyh{ lq +g4>w>g 5>w, iru doo +l>{,1 Zkhq wkh iroorzlqj vhfrqg sduwldo
ghulydwlyhv duh htxdo wr }hur45
Xg4{ @ Xg5l @ Xg4g5 @ Xl{ @3 +5;,
rswlpdo ghflvlrqv fdq eh h{suhvvhg dv
g4>w @ i+lw,
g5>w @ j+{w,
Pruhryhu/ qrupdol}h { dqg l vxfk wkdw wkh rqh shulrg xwlolw|
X +i+lw,>j+{w,>l w>{ w,
lv pd{lpl}hg iru lw @ {w @3 1O h w w l q jl dqg { ghqrwh phdq }hur revhuydwlrq
huuruv d vhfrqg0rughu Wd|oru dssur{lpdwlrq wr wkh xwlolw| ixqfwlrq durxqglw @
{w @ l @ { @3lv jlyhq e|
H ^X+i+lw . l,>j+{w . {,>l w>{ w,  X+i+3,>j+3,>3>3,`






















zkhuh doo uvw rughu whupv duh }hur ehfdxvh wkh h{shfwhg revhuydwlrq huuruv duh
}hur dqg ehfdxvh ri wkh qrupdol}dwlrq ri { dqg l1 Vhfrqg rughu whupv glvdsshdu
ehfdxvh revhuydwlrq huuruv duh lqghshqghqw iurp hdfk rwkhu dqg iurp { dqg l
dqg ehfdxvh ri wkh dvvxpswlrqv lq +5;,1 Qrupdol}dwlrq ri wkh xwlolw| ixqfwlrq
gholyhuv +5, zkhq vxevwlwxwlqj g4>w dqg g5>w e| +7, dqg +6,1
;15 Dsshqgl{ 5
Frqvlghu wkh sureohp
pd{H ^G  \ `
5
45D qh { d p s o hz k h u hw k l vl vw k hf d v hl vj l y h qe |
LE_c|c_ 2c|c |c% |'E_c|c |nE_2c|c% |
49vxemhfw wr
K+\ ,  K+\ mG,  F
Ohwwlqj 5
G/ 5
\ ghqrwh wkh yduldqfhv ri G dqg \ / uhvshfwlyho|/ dqg G\ wkhlu












K +\ mG @ ,s+,g  F +5<,
Q r z {v r p hf k r l f h vi r u5
G dqg 5
G\1 Wkhq rqh fdq vkrz wkdw wkh ixqfwlrqdo
irup ri wkh sgi s+\ mG @ ,wkdw pd{lpl}hv wkh hqwurs| K+\ mG @ ,lv d
qrupdo glvwulexwlrq/ vhh Vkdqqrq +4<7;, vhfwlrq 531 Wkxv/ e| fkrrvlqj\ mG @
qrupdo iru hdfk / wkh ohiw0kdqg vlgh ri +5<, lv plqlpl}hg dqg wkh frqvwudlqw
u h o d { h gd vp x f kd vs r v v l e o h 1
Wkh hqwurs| ri wkh qrupdo yduldeoh \ mG @zlwk yduldqfh 5
\ mG@ lv jlyhq
e|



























+\ mG@  \ ,s+,g
gholyhuv wkdw iru dq| fkrlfh ri wkh frqglwlrqdo phdqv \ mG rqh vkrxog fkrrvh
5
\ mG@ lqghshqghqw iurp 1L i \ lv qrupdo wkhq wklv lpsolhv wkdw zh fdq
fkrrvh G wr eh mrlqwo| qrupdo zlwk \ 1W k l vl p s o l h vw k d wG kdv d uhsuhvhqwdwlrq
dv
G @ [ . 
zkhuh  lv d qrupdo udqgrp yduldeoh/ zklfk lv lqghshqghqw ri [/ dv fodlphg1
;16 Dsshqgl{ 6
L uvw fdofxodwh wkh vljqv ri wkh frh!flhqwvf3 dqg f41 Uhfdoo wkh rswlpdo uhdfwlrq
frh!flhqw f3 lq +43, dqg wkh ghqlwlrq ri  jlyhq lq +45,1 Vlqfh

e5






4:lw iroorzv wkdw wkh vljq ri f3 lv jlyhq e|
vljq+f3,@vljq+e4e5, +63,
Qh{w/ uhfdoo wkh rswlpdo uhdfwlrq frh!flhqw f4 lq +44,1 Li e5
4    e5
5  3 wkhq




5 ? 31 Vxevwlwxwlqj f3 e| +43, lq wkh qxphudwru ri +44,


















L zloo qrz vkrz wkdw wkh whupv lq wkh vtxduh eudfnhwv deryh duh vpdoohu wkdq
}hur/ zklfk hvwdeolvkhv wkdw dovr iru wklv fdvh wkh vljq ri f4 lv jlyhq e| +64,=

e5




















































4    e5
5












Iru wkh erughuolqh fdvhv  @3lw lv f4 @  4
e5/ vlploduo| iru e4 @3zh kdyh
f4 @  e5
e5
5. vxfk wkdw dovr lq wkhvh fdvh +64, krogv1
Qh{w/ L fdofxodwh wkh vljq ri wkh ghulydwlyhv ri f3 dqg f4 zlwk uhvshfw wr 1













































Qrz frqvlghu wkh uvw eudfnhw lq wkh qxphudwru deryh1 Xvlqj d uvw rughu Wd|oru
























4 .  . e5
5,
Xvlqj wklv h{suhvvlrq/ d vx!flhqw frqglwlrq iru wkh qxphudwru lq +65, wr eh












4 .  . e5
5















4 .4 , 3/ wkh suhylrxv lqhtxdolw| lv vdwlvhg/ zklfk vkrzv wkdw






Zh zdqw wr vkrz wkdw
f5
4  +f3+e5f4 .4 , ,
5  3 +66,
Xvlqj wkh h{suhvvlrqv iru uhdfwlrq frh!flhqwv lq +43, dqg +44,/ rqh rewdlqv
f5











































zklfk lv rewdlqhg e| glylglqj wkh qxphudwru lq +67, e|
s
A31 Xvlqj +45, wr




































Iluvw/ frqvlghu fdvh D1 Xvlqj
s
Aj 5







4 .4 , 3
Vlqfh+j7
4  5j5
4 .4 , 3/ htxdwlrq +68, dqg/ wkhuhiruh/ htxdwlrq +66, krogv lq
wklv fdvh1


























4  5  5j5
5

A 3 dqg vtxduh wkh uhvxow=

j5



















4  5  5j5
5,
5  3
zklfk lv vdwlvhg1 Wkxv/ dovr lq wklv fdvh htxdwlrqv +68, dqg +66, krog1
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54